A two-dimensional fit of a suitable model for interpreting small-angle X-ray scattering (SAXS) has been shown to be a valuable tool in obtaining quantitative microstructural information. The model is based on the hypothesis that dilute ellipsoidal particles are arranged parallel to each other. The method has been applied to two glasses containing oriented particles. The investigated materials are both alkali aluminoborosilicate glasses, thermally treated and redrawn at a temperature above their softening point. The Ag(CI, Br) crystalline droplets, formed during the preliminary thermal treatment, assume, after drawing, a cigar-like shape, oriented in the stretching direction, and give the material birefringence properties. The volumetric particle distribution has an average of 22 × 70 nm and is skewed up to length values of about 1200 nm. The composition of the solid solution, determined by X-ray diffraction (XRD), is Ag(Clo.35, Bro.65). When the Ag(C1, Br) particles on the surface are chemically reduced to Ag, a material with polarizing properties is obtained (PolarcorTM). For this sample, two distributions of particles have been found: one with an average of 18 x 230 nm and skewed up to 600nm, and one, very sharp, of much shorter particles (14 × 30 nm).
I. Introduction
Alkali aluminoborosilicate glasses, containing small fractions (0.1-0.5wt.%) of a thermally developed silver halide phase, have been used in a variety of different interesting applications, depending on the particular preparation method. When the crystalline silver halide is obtained at temperatures at which small particles are developed, the glass shows interesting photochromic properties (Armistead & Stookey, 1964; Araujo, 1977; Araujo, Borelli & Nolan, 1979 , 1981 , which are utilized for eyeglasses. If larger particles are developed and the glass is stretched, the aligned elongated silver halide particles give rise to a nonabsorbing birefringent material with good optical properties and thermal stability :~ 1997 International Union of Crystallography Printed in Great Britain -all rights reserved (Araujo, Cramer & Stookey, 1970; Borrelli & Davis, 1992; Borrelli, 1992) , which has been used to produce zero-order and half-wave retarder plates. Linear polarizers are obtained by chemical reduction of the same glass (Borelli, 1992) , and the last two materials can be combined to produce devices such as circular polarizers.
In the investigations cited above, the optical properties of these materials have been fully characterized and important correlations with the morphology of the metal particles were found. The microstructural characterization was obtained by transmission electron microscopy (TEM), while X-ray powder diffraction was used to identify the crystal phases. TEM micrographs give essential hints about the morphology, but represent a statistically small sampling of the specimen, besides being subject to possible artifacts. Furthermore, TEM was not able to show significant differences in the reduced particles, which are expected to shrink or break up owing to the thermal treatment, to the loss of material and to the density difference of silver and silver halide. More accurate particle-size distributions can be obtained from other structural techniques. The aim of the present study was to fully exploit the information achievable by XRD and by small-angle X-ray scattering (SAXS), in order to characterize the microstructural features of these materials. We have analyzed the angular positions and the broadening of the XRD peaks in order to determine the composition of the silver halide phase, as well as the crystallite sizes and possible lattice strain. We have proposed a suitable model to fit the anisotropic two-dimensional SAXS patterns, in order to gain information on the shape and size distribution of the elongated particles, assumed to be prolate ellipsoids.
During the flow process, the matrix exerts a pressure gradient on the fluid droplet, which exerts an opposite pressure (interfacial tension), tending to restore the spherical shape. The elongation will continue until this restoring force balances the applied external force. A general steady-state solution was not found, but the problem was solved by the assumption of a prolate ellipsoidal shape (a and b being the major and minor semi-axis lengths, respectively), calculation of the pressure difference on the two special points of the surface intersecting the minor and major axes, for both external APe(g ) and restoring pressure APr(e), and determination of the aspect ratio e---a/b at which a balance of the two pressure differences can be obtained.
It is found that, for a given applied stress and a given material, the maximum attainable elongation depends on the initial radius itself. In fact, for any value of the initial radius, R o, APr(e ) and APe(e ) intersect at one point, which gives the attained aspect ratio for that particular R o. The larger the initial droplet, the higher the aspect ratio that can be attained: this trend is exponential-like.
Since it has been determined that the silver halide phase, separated in the glass under investigation, melts at nearly 670 K (Wedding, 1977) , the above theory can be applied to this material. Seward reckoned that initial droplets of 24 nm are needed to attain extreme elongations (e = 20), for a typical stress value of a = 34.5 MPa, using an estimated interfacial energy y=0.1 N m -~ Seward has also studied the speroidization process that takes place when the elongated particles are heated above their sot~ening points.
Experimental

Sample preparation
The starting glass belongs to a class of well studied photochromic glasses (Borelli & Wedding, 1988) . Its composition by wt% is: SiO2 56; B203 18; A1203 6; K20 6; ZrO2 5; Na20 4; Li20 2; Ag 0.21; C1 0.17; Br 0.14; CuO 0.006. Samples are obtained from glass slabs of high optical quality that are cut, ground and polished.
Two samples have been studied: sample I has preliminarily been heat treated at about 1000 K and then drawn under an applied stress of 34.5 MPa, at a temperature above the sot~ening point; sample II has undergone a similar treatment and has then been chemically reduced in hydrogen at 700K for 4h. The sample thickness was about 0.86mm and the reduced layer in sample II was about 20 p.m on both faces of the platelet, as determined by optical microscopy.
Transmission electron microscopy
Samples for the electron microscopy observations were prepared by a standard procedure involving cutting, gluing and lapping down to 20 lam, followed by a final thinning step in a Gatan DuoMill ion-beam miller.
The transmission electron microscope employed was a Philips CM30, operating at 300 kV.
X-ray diffraction
A Philips vertical goniometer with Bragg-Brentano geometry, connected to a highly stabilized generator, was used for XRD analysis. Cu K~ Ni-filtered radiation, a graphite monochromator on the diffracted beam and a proportional counter with pulse-height discriminator were used. A step-by-step technique was employed with 20 steps of 0.05 ° (20 is the diffraction angle). Because of the weakness of the crystalline peaks, successive runs were accumulated until a fixed total counting time of 600 to 1200s per angular abscissa was reached, depending on the investigated angular XRD range.
Each angular XRD range of interest was fitted with a procedure developed by Enzo, Polizzi & Benedetti (1985) , where each peak is described by a couple of constrained pseudo-Voigt functions (K0q and K~z profiles) and the background by a polynomial function. Fourier analysis of the peak, calculated with best-fit parameters, enables one to deconvolute instrumental broadening and to obtain the volume-weighted crystallite-size distribution, in the direction perpendicular to the lattice planes, relevant to the particular hkl reflection analyzed, from which an average size (D)hkl can be calculated. Lattice strain was obtained for the unreduced sample, using the Warren-Averbach (Warren & Averbach, 1950 , 1952 ) method on the 200--400 pair of reflections of the cubic structure (space group Fm3m) of the solid solution Ag(C1, Br).
Small-angle X-ray scattering
Measurements were carried out at the synchrotron radiation source in Hamburg (HASYLAB at DESY), using the Ultra-SAXS instrument (Gehrke, 1992) , which has a pinhole collimation, producing a spot of about 1.2 x 1.2mm at the sample position (Bark & Wilke, 1992) . A two-dimensional proportional wire counter, positioned at 12.6 m distance from the sample, was used to collect data. The incident-radiation wavelength was 9keV (2=0.138nm), yielding the h(=-4nsinO/2) range of 0.021-0.346 nm-~. Owing to the high absorption of the sample, each exposure lasted 1 h. Data were normalized to the same incident beam.
Methods
Theory
If incoherent and multiple scattering are disregarded, the most general relationship between the sample and its SAXS intensities I(h) is:
where h is the scattering vector of magnitude h = 4rt sin 0/2, Ap(r) is the electron-density fluctuation, o~ is the Fourier transform and the symbol .2 indicates the autocorrelation operation.
In substances like the one investigated here, the above general treatment can be simplified if the sample is described as a group of homogeneous particles of electron density P l, embedded in a homogeneous matrix of electron density P2. If the scattering particles are widely separated (dilute system, as in the present case) the interference among particles can be neglected and the measured pattern can be described as the sum of the scattering from the individual particles. The scattering intensity of each particle will be the Fourier transform of its geometric shape function multiplied by Ap2= (Pl --Pz) 2. This single-particle scattering can be calculated analytically for a number of different shapes as a function I 0 (h,p), where the numerical vector P = (Pl,Pz .... ,p,) contains parameters describing the particle dimensions as well as its orientation relevant to the incident radiation. In special cases, the symmetry of the system allows one suitably to choose the reciprocal axes so as to make p depend only on the particle dimensions. In the investigated material, ellipsoidal particles are generated by drawing of a distribution of spherical droplets in a direction parallel to the surface of the slab, so that they are all perfectly oriented with their axis of revolution parallel to the surface. In this case, if the incident beam is normal to the surface slab and the two-dimensional detector parallel to it, the scattering factor of a prolate ellipsoid of revolution of semi-major axis a and semi-minor axis b can be written as (Guinier & Fournet, 1955, p.19) :
b2 h2) 1/2 h2) the scattering with x (aZh~ + 2 and h = (hi, vector in the detector plane.
Moreover, if the volume of the particles is assumed to remain constant upon stretching, the ellipsoidal semiaxes will depend on the radius R of the original particle and on an elongation factor r/ in the following way: a =rlR and b = R/rll/2: the elongation ratio q being then related to the aspect ratio e by r/= e 2/3.
The fluid-dynamical theory discussed above gives us the possibility to express !/ as a function of R, hence reducing the number of free parameters. In fact, for a given applied stress and given homogeneous materials, the actual elongation of a spherical particle, dispersed in a viscous medium, depends on the initial radius itself. We used a parametrized phenomenological equation to describe this expected trend. On the basis of Seward's approach (1974), we have chosen the following sigmoidal function:
which starts from a value of 1 (no elongation) for very small particles and ends at the value i~lim for large particles, going through an inflection point at R = Rinfl. We introduced qlim to take into account that the very large particles could not reach their maximum attainable elongation, because macroscopic stretching is limited to a certain finite value.
With this constraint, the single-particle scattering function becomes
If the oriented particles have different dimensions (polydisperse system), the total scattering can still be described in a simple way with the introduction of a distribution function D(a, b) , which gives the number of particles with a given dimension. Therefore, the total calculated scattering intensity for a polydispersion of perfectly oriented ellipsoidal particles can be written as:
For the stretched particles, having assigned the relationship between a and b, by relating both to R, we just need the one-dimensional (univariate) distribution function of the initial droplets, D(R), to describe the ellipsoidal polydispersion. In this case the scattering intensity will be written as:
Equation (6) alone is not able to satisfactorily fit the data from sample II. In fact, in the SAXS data from this sample besides the ellipsoidal pattern, a diffuse, slightly anisotropic background is visible. The latter must be described by a second population of scatterers, with much smaller dimensions and only slightly anisotropic. Regardless at this point of the nature of these scatterers, it is evident that it is not possible to apply to them the same correlation between length and width as for the elongated particles. For this reason, sample II has been modelled by the sum of two independent populations: a univariate distribution for the particles that maintain the length-width correlation through (3) and a bivariate one describing the small particles. Thus', in this case, the fitting function is a weighted sum of (5) and (6).
As to the analytical form of the distribution, the Weibull function has been chosen because of its flexibility in describing distributions skewed in both directions. The normalized univariate Weibull function is written as
where R is the mean value of the distribution and 13 is a parameter influencing the form of the distribution. F is the gamma function. The bivariate distribution D(a, b), has been written as a simple product of two Weibull functions, D(a) and D(b), implying no correlation between a and b.
With the above models, the two-dimensional calculated scattering has been optimized by fitting to the experimental data. The volumetric distributions of width and length values of the scattering particles are calculated from the D(R) and r/(R) obtained from the twodimensional best fit of (6) to the SAXS data, by:
where D(R) has the form of (7) and r/(R) that of (3).
The bivariate volumetric distribution is obtained by multiplication of the D(a, b) obtained by best fitting of (5) by the volume factor (4/3rca2b).
Computational details
Regression analysis has been carried out by the Simplex method (Nelder & Mead, 1965; Caceci & Chacheeris, 1984) , with minimization of the sum of the squared differences of the residuals (beam-stop region excluded). Despite the heavy computational burden required by the model, we have been able to carry it out on a PC by adopting some simple numerical strategies. The evaluation of (5) and (6) on the whole two-dimensional grid is very time-consuming, since each experimental point corresponds to one integral, single for (6) and double for (5). In order to reduce the number of integrals, the data have been sampled from a 321 x 361 to 61 x 69 grid. The stability of the best-fitted parameters has eventually been verified on the full grid. The integral in (6) has been evaluated by Simpson's rule, and the integral in (5) by Gaussian quadrature. The latter method works out the integrand on a reduced set of socalled transformation points; the minimum necessary number of points has been chosen [i.e. a larger number of points produces no significant difference on l(h)]. Since the transformation points have to effectively sample the integrand, the domain where the integral is actually worked out must be restricted to the region where the integrand is significantly different from zero. Since the Weibull distribution can assume very different shapes, an appropriate functional dependence of the domain of integration in (5) on the parameters of the bivariate distribution had to be imposed.
Errors in parameters and correlations have been obtained from the covariance matrix, worked out after Simplex convergence.
Programs have been written in the IDL (interactive data language) environment. MathCad and a worksheet have been used for the fluid-dynamic study and for that of the functional dependence of the domain of integration of (5) on the parameters of the bivariate distribution. Fig. 1 shows the diffraction pattern of a solid solution of Ag(C1, Br) ( Fig. l a) with a cubic structure on a background caused by the glassy matrix. A unit-celledge value of 5.696(5)A was determined using the angular peak position obtained by the fitting procedure from six reflections: 200, 220, 311,222, 400 and 420. The value has been extrapolated using a weighted leastsquares fit in the diagram reporting the cell edge, calculated with the position of each single reflection as a function of cos0 cotan 0 (Wagner, 1966; Adler & Wagner, 1962) . By linear interpolation (Vegard's rule) between the unit-cell edge of AgC1 (5.549 A) and that of AgBr (5.7745,~), the composition of the solid solution was then determined to be Ag(Clo.35, Bro.65). The latter value implies a density of p -6.15 g cm-3 and a volume factor of contraction of 2.7 during reduction.
Results and discussion
Sample I
The volumetric average size (D)v of the Ag(Br, C1) crystallites, obtained by line broadening analysis (average of the different (D)h~a investigated), is 14nm. The root-mean-square microstrain, (e2) 1/2, perpendicular to the [100] direction calculated at ½ (D)100, has been found to be 5 x 10 -3. This lattice disorder is possibly due to stress fields originated at the interfaces between the embedded crystallites and the glassy matrix. Fig. 2 is a TEM micrograph that clearly shows the elongated particles, but also some inner structure, whose nature is puzzling. The transparent regions inside the elongated particles could suggest the presence of voids created inside the glass cavities during the stretching process, formed upon slip between glass and silver halide and/or during cooling, owing to the solid--liquid density difference of the silver halide phase. Fig. 3 is a false-colour representation of the SAXS data, whose ellipsoidal pattern is an inverse-space representation of the elongated particles of Fig. 2 .
The volumetric distribution of the radii of the original droplets, D(R) [ (7)], which generated the elongated particles by drawing, appears as a symmetric _Gaussianlike distribution and has an average value R = 23 um (see full line in Fig. 4) . A high correlation is found between the two parameters of the Weibull distributions. The best-fit function r/(R) [see (3) and dotted line in Fig. 4 ], which gives the law with which droplets of different dimensions are extended, would lead to an interfacial energy of about 0.3Nm -1, which is larger than the one used by Seward (1974) in his calculation (0.1 Nm-1). A high correlation is found between ~lim and r/inn. In fact, the parameter r/lim has been introduced for physical reasons but an elongation law with only two parameters instead of three would work as well. Nevertheless, the value ?him --15 nm found is compatible with the actual macroscopic elongation. Fig. 5 shows the volumetric particle-length distributions, D(2a), obtained from D(R) by (8). The width distribution, D(2b), determined with (9) is very narrow and centered at 22 nm (not shown for brevity's sake).
Errors on the parameters are in the range 3 to 13%.
In conclusion, the SAXS results have given a precise description of the very elongated and oriented Ag(C1,Br) particles present in this sample: a very asymmetric distribution, skewed at higher length values, originating from a Gaussian-like distribution of droplets centered around a radius value of/~ = 23 nm. The particles (volumetric average) are 22 x 370 nm large (aspect ratio e = 17) and have been generated from droplets of radius R =28.5nm with an elongation factor r/=6.5. Yet, the distribution of droplets contains a significant number of particles with larger radii, which could be lengthened even to 10-12 times their original dimensions, giving rise to very elongated particles (e = 30--40).
It must be noted that, simply by application of the appropriate Guinier law (Guinier & Foumet, 1955, pp. 29 and 134) at very small angles to the meridian and equatorial sections of Fig. 3 , particles whose dimensions are very close to the volumetric average obtained by the fitting method are obtained (22 x 80 nm). The advantage of the fitting method in this case is that it yields information on the whole distribution and on the elongation process.
The dimensions obtained by SAXS are compatible with a rough estimate of the particle size determined from TEM micrographs (Fig. 2 ). This means that most of the smaller regions with different contrast inside the particles, which are visible in the TEM micrographs, have similar electron density and are apparently crystallites differently oriented with respect to the incident electron beam. So, SAXS data and XRD line broadening analysis indicate that the elongated particles are built up by a mosaic of smaller crystallites (volume-weighted average diameter (D) v = 14 nm) of Ag(C10.35, Bro.65) solid solution. Possible voids are only a small fraction of the particles and produce minor effects on the observed SAXS pattern. 
Sample H
The XRD pattem of sample II (see Fig. 1 b) shows the presence of Ag, whose unit-cell edge [same space Kroup as Ag(C1, Br)] has been determined to be 4.709 (6) A, by use of the 111 and 200 reflections. The volumetric average size (D)z of the reduced Ag crystallites determined by line-broadening analysis is 10nm. The unreduced material in the bulk is also detectable: see the 200 reflection of silver halide in Fig. 1 (b) . Fig. 6 is a TEM micrograph of this sample: the density of particles is higher than in sample I and the particles are smaller, but have a similar inner structure. Fig.  7 shows the corresponding SAXS pattern: in this case, besides the ellipsoidal pattern, a broad, slightly anisotropic background is visible, which indicates the presence of a population of smaller, slightly anisotropic scatterers. This population is not easily identified in the TEM picture; it could be due to particles in the surface reduced layer or to a higher density of voids. A possible interference effect would not lead, in our opinion, to such a scattering in the situation shown by the TEM micrograph. Fig. 8 shows meridian and equatorial sections of Fig.  7 . The corresponding section of the two-dimensional best-fitted function is shown as full line and the contributions of the two populations of particles [(5) and (6)] to the total scattering are indicated with dotted lines. Looking at Fig. 8(b) , it is evident that the separation in 0.3 two contributions along the meridian would be illdefined, if it was not guided by the whole two-dimensional fit. It is also evident that the angular range in this direction somewhat limits the precision of determination of the width of the particles. In this case, the Guinier law cannot be applied because it gives ambiguous results owing to the bimodal distribution of particle sizes.
The volumetric distribution of the radii of the original droplets, D(R) [see (7) and full line in Fig. 9 ], which generated the elongated particles by drawing, appears as It can be seen that the initial droplets present in this sample all have a much smaller radius than /llim; for this reason ?llim has a very large error. Fig. 10 shows the corresponding [(8) ] volumetric distribution D(2a) of the elongated particles, which is a skewed distribution with an average value of 230nm. The relevant width distribution (not shown for brevity's sake) is very narrow and centered at 18 nm. Fig. 11 shows the bivariate length--width distribution,   D(2b, 2a) , obtained by the best fit of (5). This very sharp distribution indicates the presence of particles with average dimensions of 14 x 30nm. The length is well defined (4% error), while the width is affected by a larger error (26%), because, as already mentioned, the tails of the relevant scattering are outside the detected angular range (see Fig. 5 ). Correlations similar to sample I have been found.
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In conclusion, the SAXS analysis indicates the presence of two populations of particles: a skewed one with (volumetric) average particles of 18 × 230nm (aspect ratio e = 13), which have been generated from droplets of radius R = 21 nm with an elongation factor r/--13, and a second sharp population of particles with average dimensions of 14 x 30 nm, whose nature is more difficult to specify. Further studies are in progress to explain this point. • Fig. 11 . Width-length distribution for the small particles in sample II.
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